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Introduction
For a prime p and binomial f (x) = ax k + bx l we consider the binomial exponential sum (1.1)
where ep(·) is the additive character ep(·) = e 2πi·/p on the finite field Zp. For such sums the classical Weil bound [9] (1.2) |S * | ≤ (k − 1)p 1 2 is non-trivial as long as k < p 1 2 . When l is significantly smaller than k a bound of Mordell [7] as refined in [2] can extend this range:
a bound also obtained in the special case l = 1 by Karatsuba [6] . For monomial sums
Heath-Brown & Konyagin [5] successfully used Stepanov's method to obtain a bound non-trivial for k ≤ p χ(x)ep(ax
where χ(x) is a multiplicative character mod p. For these generalized sums the Weil bound (see [8] ) still gives (1.7) |S+| ≤ kp and the Mordell type bound (see [2] ),
We write
Notice that when k p One particular feature of our result is that we do not need the restrictions k|(p − 1) and (k, l) = 1 that appear in the binomial bounds (1.14) and (1.15) of Akulinicev [1] and Yu [10] . As a special case, when l < (k/d) 
with (1.8) corresponding to the straightforward bounds
Hence Theorem 1.1 amounts to showing that in certain cases we can improve these bounds:
This result is perhaps initially surprising since there are certainly situations in which (1.13) can not be improved; for example when k = 2l, l|(p − 1) it is readily verified that
, and when k = l and 2l|(p−1) that M− = 3l There are two parameters that must be controlled in order to expect a uniform nontrivial bound on |S±| for arbitrary f with given exponents k, l. The first is d = (k, l, p − 1).
In [3, Corollary 2.1] the authors showed that for given 1 < l < k with d > p log p there exist a, b such that |S * | is very close to p in size; to be precise |S
The second parameter is the quantity
The following theorem shows that there is always a collection of exceptional sums where |S±| ∼ d * ± , but that aside from these exceptions there is a uniform nontrivial bound when d * ± is large: 
In particular, we see that if χ is the trivial character or Legendre symbol and
For all remaining cases, if d < cp 1 12 with c a sufficiently small constant,
In comparison, for binomials with k|(p − 1) and
and deduced when l = 1 and k|(p − 1) the uniform bound
Yu [10] obtained
and hence the uniform bound
under the weaker assumptions k|(p − 1) and (k, l) = 1.
Initial decomposition of M±
When (u1, u2) = (0, 0) we always have the trivial bound
since x must be a root of the non-zero polynomial
. For the u1, u2 = 0 we write R±(u1, u2) = dC±(u1, u2) where
to see this observe that counting the number of (x, y) satisfying (xȳ)
±l , is the same as counting the (x, y) satisfying
where
shows that there will be exactly
±l =ũ2(uy) ±l and C±(u1, u2) = C±(u1,ũ2). Hence, using α to denote a primitive root mod p, and writing k1 = (k, p − 1),
We show that for this latter sum no x will be counted more than once: If
for some y1, y2 ∈ Z * p and i1, i2, j1, j2 with 1 ≤ j1, j2 ≤ k1 and 1 ≤ i1, i2
and
For a pair u1, u2 in Z * p and corresponding vector u = (u1, u2) we shall sometimes write C±(u) for C±(u1, u2). We suppose that there are N non-zero C±(α j , α i ), say
and order them so that
Also, since the sets defining the C±(ui) are disjoint,
Applying the Stepanov Method
and set
We use Stepanov's method to bound the size of the C±(ut) for t ≤ T . If T > N we set C±(ut) = 0 for the N < t ≤ T .
In particular C±(uT ) ≤ 2
Proof. If x is counted in C+(u1, u2) so that
while for C−(u1, u2) we have instead x −l − 1 = u2y −l and
Hence we have the trivial bounds
and may assume that ± (p − 1)
Consider the polynomials
for M−, and
where A, B, C are integer parameters which will be chosen to satisfy
Our goal is to show the existence of a set of coefficients aijst ∈ Zp such that F is a non-zero polynomial mod p with a high order zero at each x counted in C±(u1), ..., C±(ut).
The monomials in fi(x) will be distinct since if j(p − 1) + sk + tl = j (p − 1) + s k + t l then from (3.5)
and j = j , while from (3.6) we have C < (k/d1) and
In [4] we showed that if
with the ki distinct mod p, and f (x) has a zero a = 0 of multiplicity ν, then ν = wp + u with u < r and w the highest power of (x − a) dividing all the gi. In particular if (x − 1) µ i ||fi then µi = ui + pvi for some ui, vi with ui < BC 2 . Hence the power of (x − 1) dividing the different Φifi will be distinct, since if
then, by (3.6) and (3.7)
and vi = v i , while by (3.6)
Suppose that a is counted in C+(u1, u2). Since u1, u2 = 0 we have
and for a positive integer D < p, writing
the polynomial F (x) has a zero of order at least D at x = a iff
For a counted in C−(u1, u2) we use instead
Of course
where the Pijr(x, y) are polynomials of degree at most (C − 1 + r) in x and y whose coefficients will be linear expressions in the original aijst. Since for a counted in C+(u1, u2) the values
and for a counted in C−(u1, u2) the values
depend on u rather than a, we can make (
for each a counted in C+(u) or C−(u) by making an appropriate polynomial Pr,u(x k , x l ) of degree at most (C − 1 + r) in x k and x l , identically zero mod p; a requirement imposing 
These choices ensure restrictions (3.6), (3.8) and (3.9) (the latter simplifies to 4Ct < AB), and (3.10) gives the stated bound
For (3.4) observe that the trivial bounds (3.3) give A ≥ 2 6 , B ≥ 2 6 respectively, while ± , and δ± < 2k/d1, ensure that (p − 1)
as long as (3.13) t ≤ 2
Proof. We assume that k < 2 −5 (p − 1)
± we use the bound C±(uT ) ≤ 2
4.
Completion of the proof of Lemma 1.1
± . So, from Corollary 3.1 and (2.1), we have
We use the technique of Akulinichev to average over the d * ± th roots of unity. For any f and χ we have
If ax k + bx ±l = 0 then Weil's bound gives 
